Beyond future applications, quantum networks open interesting fundamental perspectives, notably novel forms of quantum correlations. In this work we discuss quantum correlations in networks from the perspective of the underlying quantum states and their entanglement. We address the questions of which states can be prepared in the so-called triangle network, consisting of three nodes connected pairwise by three sources. We derive necessary criteria for a state to be preparable in such a network, considering both the cases where the sources are statistically independent and classically correlated. This shows that the network structure imposes strong and non-trivial constraints on the set of preparable states, fundamentally different from the standard characterisation of multipartite quantum entanglement.
Beyond future applications, quantum networks open interesting fundamental perspectives, notably novel forms of quantum correlations. In this work we discuss quantum correlations in networks from the perspective of the underlying quantum states and their entanglement. We address the questions of which states can be prepared in the so-called triangle network, consisting of three nodes connected pairwise by three sources. We derive necessary criteria for a state to be preparable in such a network, considering both the cases where the sources are statistically independent and classically correlated. This shows that the network structure imposes strong and non-trivial constraints on the set of preparable states, fundamentally different from the standard characterisation of multipartite quantum entanglement.
Introduction.-Advances in quantum information processing and technologies lead to promising developments towards a quantum network, see, e.g., [1] [2] [3] [4] . The latter would feature local quantum processors exchanging information and entanglement via quantum links, enabling, for instance, long-distance quantum communication. While this represents an outstanding technological challenge, recent works have already reported the implementation of basic quantum networks nodes, based on physical platforms where light and matter interact [5] [6] [7] [8] .
These developments also raise important questions on the theoretical level. In the spirit of quantum teleportation or entanglement swapping, the entanglement initially generated on the links of the networks can then be propagated to the entire network by performing entangled measurements at the nodes, see, e.g., [9] [10] [11] . This effect may lead to extremely strong forms of multipartite quantum correlations, spread across the whole network. Characterizing such correlations is a natural question, of clear fundamental interest, but which may also impact the development of future experimental quantum networks.
First steps have been taken towards characterizing quantum nonlocality in networks. To do so, the concept of Bell locality [12] has been generalized to networks [13] [14] [15] . The key idea is that the different sources in the network, which distribute physical systems to the nodes, should be assumed to be independent from each other. This represents a fundamental departure from standard Bell nonlocality, and new striking effects can occur. For instance, it is possible to detect quantum nonlocality in an experiment involving fixed measurements, i.e., a Bell inequality violation "without inputs" [15] [16] [17] , as well as novel forms of quantum correlations genuine to networks [18] . While significant progress has been reported in recent years, see, e.g., [19] [20] [21] [22] [23] , as well as first experiments [24] [25] [26] , the study of these phenomena is still in its infancy, and it is fair to say that our understanding of quantum correlations in networks remains very limited so far.
The focus of the present work is to investigate quantum correlations in networks from the point of view of entanglement. Inspired from the developments above and recent developments in entanglement theory [27] , we discuss the generation of multipartite entangled states in a network. We focus our attention on the so-called "triangle network", which is known to exhibit interesting forms of quantum nonlocal correlations [15, 18] . This simple network features three nodes, each pair of nodes being connected by a bipartite quantum source (see Fig. 1 ). We explore the possibilities and limits for entanglement generation, given the constraints of the network topology. Notably, it turns out that not all quantum states can be prepared. We discuss two scenarios, featuring independent or classically correlated quantum sources and unitaries, and derive general conditions for a quantum state to be preparable in the network. This allows us to show that important classes of multipartite quantum states cannot be prepared in the triangle network, including also some separable states in the case of independent sources. On the other hand, certain genuinely multipartite entangled states can be created in the network. This shows that the network structure imposes strong and nontrivial constraints on the set of possible quantum states. Our work represents a first step towards understanding quantum correlations in networks from the point of view of quantum states and their entanglement.
Triangle network with independent sources.-We consider a simple network featuring three nodes: A, B and C. These nodes are connected pairwise by three sources, hence the network forms a triangle. Each source produces a bipartite quantum state (of arbitrary dimension d × d): α is shared by B and C, β by A and C, and γ by A and B. Thus, each party receives two d-dimensional quantum systems. Finally, each party can apply a local unitary to their two-qudit systems, which we denote with U A , U B , and U C . This results in a global state for the network, see Fig. 1a .
In the first part of this paper, we will focus on the arXiv:2002.03970v1 [quant-ph] 10 Feb 2020 Figure 1 . This work discusses the generation of tripartite quantum states in the triangle network. We first consider the independent triangle network, shown in (a), where all three quantum sources (producing the bipartite states α, β , and γ ) are statistically independent. Each party, upon receiving two independent subsystems, can perform a local unitary. We also consider the correlated triangle network, shown in (b), where all sources and nodes are classically correlated via a shared random variable λ. We derive a number of criteria for characterizing which tripartite quantum states ρ can be prepared in each of these scenarios. Notably, this problem is fundamentally different from the standard classification of multipartite quantum states, where all nodes share a quantum state distributed from a single common source, as in (c).
scenario where the three sources are assumed to be statistically independent from each other. This we call the independent triangle network (ITN), and the set of states that can be prepared by such a network we denote by I . Statistical independence of the sources is a relatively natural assumption for practical quantum networks, where the sources are placed in distant labs that are operated independently. Additionally, one may consider that the parties (sources and nodes) are classically correlated, which is a scenario that we discuss at the end of the paper.
The first question we consider is which quantum states ρ can be prepared in the ITN. Specifically, we say that ρ ∈ I if it admits a decomposition of the form:
Note that here we use a compact notation where the order to the sub-systems is not the same in the unitaries and in the states. As intuition suggests, there exist tripartite quantum states that cannot be prepared in the triangle network. In fact, I represents only a zero-measure subset of the entire set of quantum states in H, as confirmed by counting the free parameters [28] . In the following we discuss the characterization of I which is challenging, mainly due to the fact it is a nonconvex set, as we will see below.
Preparability in the ITN.-We now present three different criteria that give necessary conditions satisfied by any ρ ∈ I . They capture limits on classical and quantum correlations for such states, as well as restriction on ranks. We first present the criteria, and then apply them to illustrative examples.
From Fig. 1a it appears clear that the amount of global classical correlations for any ρ ∈ I must be limited. Indeed, the three nodes do not share any common (i.e., tripartite) information. This intuition can be made formal by considering the so-called tripartite mutual information for quantum systems (TMI) [29] . It is defined as I 3 (A :
is the bipartite quantum mutual information, and S(·), S(·|·), and S(·, ·) are the von Neumann usual, conditional, and joint entropies, respectively. Then the TMI reads
Since the von Neumann entropy is invariant under unitary transformations and additive on tensor products, it follows form Eq. (1) that S(ρ) = S( α ) + S( β ) + S( γ ) for any ρ ∈ I . Expanding the bipartite entropies as, e.g., S(AB) = S(tr C β ) + S(tr C α ) + S( γ ), we arrive at the following:
Moving beyond classical correlations, we now observe that quantum correlations are also limited for states in I . From Fig. 1a , the intuition is that the entanglement on the bipartition A|BC should be equal to the sum of the entanglement in the reduced states, i.e., A|B and A|C.
This can be shown formally by using an appropriate entanglement measure. Recall 
where, e.g., σ XY = tr Z σ XY Z denotes a reduced state. An example of such an entanglement measure is the squashed entanglement [30, 31] ; note however that not all entanglement measures satisfy the above properties, see, e.g., Refs [32, 33] . For states in I , we first note that the local unitaries U A , U B and U C can always be disregarded, since they do not change the amount of entanglement between the parties. Hence the right-hand side of Eq. (3) can be eval-
where A β denotes the subsystem that A receives from the source β (connecting nodes A and C), and similarly for other subsystems. Thus, we arrive at the following:
be an entanglement measure that is additive on tensor products and monogamous.
holds for all the bipartitions A|BC, B|AC and C|AB.
Finally, we show that the structure of the ITN imposes constraints on the ranks of the global state and of its marginals. For ρ ∈ I , we have from Eq. (1) that rk(ρ) = rk( α )rk( β )rk( γ ) since the unitaries U A , U B , and U C do not affect the global rank. Likewise, the ranks of the local reduced states satisfy rk(tr BC ρ) = rk(tr C β )rk(tr B γ ), and those of the bipartite reduced states rk(tr C ρ) = rk(tr C β )rk( γ )rk(tr C α ), and similarly for the other marginals. Therefore we get the following observation:
Furthermore, it is worth noting that in the case of pure states |ψ a prime tensor rank of the state does not exclude the possibility of the state |ψ being preparable in the ITN (see Appendix A for more details).
Illustrative examples.-To demonstrate the relevance of the above criteria, we now discuss some examples, which highlight some interesting properties of the set I .
Consider first the classically correlated state defined by
For k = 1, we have simply a product state, hence the state is trivially preparable in the ITN. However, for any k ≥ 2, it follows from Observation 1 that ρ C k is outside of I , as I 3 (A : B : C) = log 2 (k) = 0. This shows that the set of states I is nonconvex. Moreover, note that ρ C k is fully separable (in the usual approach to multipartite entanglement, see Fig. 1c ).
Furthermore, consider the tripartite GHZ pure state:
j=0 |jjj . From Observation 2, we see that the state does not belong to I . More dramat-ically, consider a noisy GHZ state of the form ρ V = V |GHZ GHZ| + (1 − V )1/d 6 , where V ∈ [0, 1] is the visibility. From Observation 1, it follows that ρ V ∈ I only if V = 0. Hence, there exist states arbitrarily close to the fully mixed state, that yet are outside I .
These examples illustrate that the characterization of I is completely different from the standard characterisation of tripartite quantum state, distributed by a single common source (as in Fig. 1c ). First, there exist fully separable tripartite states, such as ρ C k , that are not in I . Moreover, such states can be found arbitrarily close to the fully mixed state.
However, there also exist highly entangled states within I . An example is the ring cluster state [34] . This state can be prepared in the ITN: each source generates a maximally entangled two-qubit state, and each party applies a controlled-σ z unitary. This state is nonetheless entangled in the strongest sense, as it features genuine tripartite entanglement [33] .
Finally, it is natural to ask whether one (or more) of the above three observations could be tight, i.e., a necessary and sufficient condition for membership in I . Clearly, Observation 2 cannot be tight: this criterion is based on the entanglement on bipartitions, but there exist fully separable states outside I . Observation 3 cannot be tight either: indeed, this criterion can only rule out nonfull-rank states. Lastly, while Observation 1 is also not tight, since I 3 (A : B : C) = 0 for all tripartite pure states, one might obtain a stronger condition by allowing for local quantum channels to be performed at each node [35] .
Triangle network with classical correlations.-It is also relevant to discuss a scenario where the three nodes and the three sources are classically correlated, e.g., via a common central source of shared randomness (see Fig. 1b ). This we call the correlated triangle network (CTN), and the set of states that can be prepared by such a network we denote by C . A state ρ is feasible in C if it admits a decomposition of the form
where ρ λ ∈ I , i.e., each ρ λ admits a decomposition of the form (1), and λ represents the classical variable shared by all parties (nodes and sources), with density p λ . Hence the set of states C is simply given by the convex hull of the set I . While any state in I is also trivially in C , the converse is not true as I is nonconvex, as we saw before. Let us now discuss the properties of C . First, we observe that not all states can be prepared in the CTN.
In particular we make the following observation. First, we prove the statement for pure states. To do so, note that the rank of the global state is one and it is entangled along each bipartition. Hence, due to the Schmidt decomposition, all single party reduced states have rank two. This, however, is impossible in the ITN. Recall, that the local ranks are determined by the sources only. Thus, if one source prepares a two-qubit entangled state the local ranks at the connected nodes are two and the remaining one has rank one. If two sources produce a two-qubit entangled state there is one reduced state which has rank four, which proves the claim. Furthermore, note that also no mixed three-qubit genuine multipartite entangled state can be prepared in the CTN. Such a mixed state necessarily has a pure three-qubit genuine multipartite entangled state in its range and is thus not preparable in the CTN. Observation 4 in itself is already quite interesting, since it rules out a large class of states that are not preparable in the CTN. However, the set C can be characterized in a more refined way. To do that we can take advantage of the convexity of C in order to characterize the set efficiently using numerical methods. Borrowing techniques from entanglement witnesses [33] and Ref. [27] we now construct "preparability witnesses" for determining whether a state belongs to C or not.
Consider a target pure state |ψ (typically not in C ). Define the linear operator W = µ 2 1 − |ψ ψ|, where µ denotes the largest overlap between |ψ and any state in I . The challenge is now to estimate µ, i.e., to find the maximal overlap between |ψ and any ρ ∈ C . For this, it is sufficient to consider pure states in Eq. (1), namely,
we perform a see-saw numerical optimization procedure. We start with random states |α , |β , and |γ and random unitaries U A , U B , and U C . Then we optimize over each state and each unitary one by one, while keeping everything else fixed (see Appendix B for details of the algorithm as well as analytical upper bounds on the overlap). Although we are not guaranteed to find the global maximum, we found that in practice the method works well for low dimensions. In Table I we give results for some states of interest. For instance, considering a GHZ state of local dimension 4 as target state, we numerically found µ 2 = 1/2. This is obtained by choosing all three states to be two-qubit Bell states, |α = |β = |γ = 1 √ 2 (|00 + |11 ), and the local unitaries U A = U C = |0 0| (1 − iσ y ) + |1 1| (1 + iσ y ) and U B = 1.
Therefore we see that the set C , while being now of full measure and containing all fully separable tripartite states, is still a strict subset of the set of all tripartite quantum states. It would be interesting to understand Table I . Results of the see-saw algorithm to compute a lower bound on µ 2 given in Eq. (6) for different target states |ψ . AM E is the absolutely maximally entangled state of six qubits (three ququarts) and AS3 is the totally antisymmetric state on three qutrits [36, 37] . which quantum state is furthest away from C ; our numerical results suggest that these could be of the GHZ form.
Finally, note that one could also consider the scenario where only the three sources are connected by the shared variable λ, and not the unitaries. We give preliminary results for this scenario in Appendix C.
Conclusions.-In this manuscript we have discussed the structure of quantum states in a simple triangle network. We identified a number of properties of such states, notably limits on their classical and quantum correlations. This allowed us to derive necessary criteria for a state to be feasible in the network, as well as witnesses for detecting states that are not preparable.
An interesting question is to derive a necessary and sufficient criterion for states in the ITN and/or in the CTN. While it might be possible to strengthen Observation 1, it is unclear whether one would get a tight condition. In any case, it would be interesting to develop alternative, and possibly stronger methods for characterizing quantum states in networks, as well as for quantifying their entanglement. Moving to more general networks is also of interest, for instance, networks that feature more nodes and bipartite sources along the edge of a chosen graph. Indeed, such configurations are much in-line with current experimental prospects of quantum networks. We note that all the methods presented here can be directly generalized to such class of networks. This could provide a preliminary, yet still valuable information about those yet unexplored structures.
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Note added.-While finishing this manuscript, we became aware of a related work by Navascues et al., see Ref. [38] . For multipartite pure states their degree of entanglement can be characterized by the so-called Schmidt measure that was introduced in Ref. [39] , which is equivalent to the tensor rank of the coefficient tensor of a pure state |ψ . Namely, it is the smallest number r of product terms such
An , where n is the number of parties. In the bipartite case this reduces to the Schmidt rank [33] .
In the scenario that was considered in Ref. [27] it was proven that if a pure state has prime tensor rank, it cannot be decomposed into lower-dimensional states, e.g., the GHZ state on three ququarts can be decomposed into two two-qubit GHZ states, whereas the GHZ on three qutrits cannot be decomposed into lower-dimensional systems since its tensor rank is three. In the triangle network this is no longer true, namely, a prime tensor rank of a pure state does not imply that it cannot be produced in the ITN. Consider a network state, where each source prepares a two-qubit maximally entangled state |ψ + = 1 √ 2 (|00 + |11 ). This state corresponds to the tensor
which is known as the two-by-two matrix multiplication tensor [40] . In this decomposition the tensor can be represented as a sum of 2 3 = 8 terms. However, it is known that this tensor has tensor rank seven [41] . From that we conclude that, although the state has a prime tensor rank, it can be prepared in the triangle network, and hence, a prime tensor rank does not mean that a state is not preparable in the triangle network.
Appendix B: Algorithm and analytical estimates for the maximal overlap of a given state with the ITN
In order to perform the optimization over the states |α , |β , and |γ , we fix the unitaries and two of the states, say |β and |γ . The state |α that maximizes the expression max |α | α| [ βγ| ψ ]| is simply given by |α opt = βγ| ψ /N , where N is a normalization factor and | ψ is the target state including the local unitaries. In order to perform the optimization over the unitaries U A , U B , and U C , we fix the states and two of the unitaries, say U B and U C . To get the optimal choice for U A we compute max
We can rewrite this as
where ρ A = tr BC ( | ψ αβγ|). Writing ρ A in its SVD, i.e., ρ A = U DV † , provides the optimal choice U A = V U † . From this we obtain
For given random initial choices for the states and local unitaries we iterate the optimizations until we reach a fix point. Assuming we run the algorithm on sufficiently many random initial states we obtain the maximal overlap λ with a high probability. In low dimensional systems, i.e., two qubits per node and three nodes, the algorithm converges rather quickly resulting in the putative µ after order of ten iterations, regardless of the random initial state.
Finally, we note that upper bounds on the overlap of a pure state with pure states from the ITN can also be obtained analytically. To illustrate the idea, consider first a bipartite system, where we would like to maximize the overlap of pure states |ψ ∈ S in some subset with some target state |τ . If the target state has the Schmidt decomposition |τ = i t i |ii and the Schmidt coefficients s i of states in the subset obey some constraint {s i } ∈ S, then the overlap is bounded by
For the case of the ITN with the distribution of qubits one can assume α , β , and γ to be pure, having the Schmidt coefficients [cos(a), sin(a)], [cos(b), sin(b)], and [cos(c), sin(c)], respectively. Then, the above bound can be applied to all three bipartitions separately, and the best of these bounds can be taken. To give a concrete example, let us consider the GHZ state |GHZ 2 = (|000 + |111 )/ √ 2. This has the same Schmidt coefficients [1/ √ 2, 1/ √ 2, 0, 0] for any bipartition. Due to symmetry, we can assume for the Schmidt coefficients of the state |ψ from the ITN that π/4 ≥ a ≥ b ≥ c ≥ 0 Then, the overlap can be bounded by 
Here, the inner minimization corresponds to taking the optimal bound from all three bipartitions, and the outer maximization is the maximization over all Schmidt coefficients for the ITN state. After a short calculation, this gives the bound sup |ψ ∈IT N | ψ|GHZ 2 | 2 ≤ cos π 8 2 ≈ 0.8536.
Similar calculations can be applied to other pure target states.
